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Abstract 

We consider a family of optimal control problems in the plane with dynamics and running 
costs possibly discontinuous across an oscillatory interface r^. The oscillations of the interface 
have small period and amplitude, both of the order of e, and the interfaces Tg tend to a 
straight line T. We study the asymptotic behavior as e —>■ 0. We prove that the value 
function tends to the solution of Hamilton-Jacobi equations in the two half-planes limited 
by r, with an effective transmission condition on T keeping track of the oscillations of Tg. 


1 Introduction 

The goal of this paper is to study the asymptotic behavior as e —)• 0 of the value function of 
an optimal control problem in in which the running cost and dynamics may jump across a 
periodic oscillatory interface Tg, when the oscillations of Tg have a small amplitude and period, 
both of the order of e. The interface Tg separates two unbounded regions of M^, and 
To characterize the optimal control problem, one has to specify the admissible dynamics at a 
point X E Tg: in our setting, no mixture is allowed at the interface, i.e. the admissible dynamics 
are the ones corresponding to the subdomain and entering or corresponding to the 
subdomain and entering Hence the situation differs from those studied in the articles 
of G. Barles, A. Brian! and E. Chasseigne and of G. Barles, A. Brian!, E. Chasseigne and 
N. Tchou [7], in which mixing is allowed at the interface. The optimal control problem under 
consideration has been first studied in m- the value function is characterized as the viscosity 
solution of a Hamilton-Jacobi equation with special transmission conditions on T^; a comparison 
principle for this problem is proved in [16] with arguments from the theory of optimal control 
similar to those introduced in In parallel to m, Imbert and Monneau have studied 

similar problems from the viewpoint of PDEs, see [T2|, and have obtained comparison results 
for quasi-convex Hamiltonians. In particular, [T2| contains a characterization of the viscosity 
solution of the transmission problem with a reduced set of test-functions; this characterization 
will be used in the present work. Note that HSiiig can be seen as extensions of articles devoted 
to the analysis of Hamilton-Jacobi equations on networks, see [BiiaEiiii], because the notion 
of interface used there can be seen as a generalization of the notion of vertex (or junction) for 
a network. 

We will see that as e tends to 0, the value function converges to the solution of an effective 
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problem related to a flat interface F, with Hamilton-Jacobi equations in the half-planes limited 
by r and a transmission condition on F. 

Whereas the partial differential equation far from the interface is unchanged, the main difficulty 
consists in finding the effective transmission condition on F. Naturally, the latter depends on 
the dynamics and running cost but also keeps memory of the vanishing oscillations. The present 
work is closely related to two recent articles, [3] and m, about singularly perturbed problems 
leading to effective Hamilton-Jacobi equations on networks. Indeed, an effective Hamiltonian 
corresponding to trajectories staying close to the junction was first obtained in [3] as the limit 
of a sequence of ergodic constants corresponding to larger and larger bounded subdomains. 
This construction was then used in [TO] in a different case. Let us briefly describe the singular 
perturbation problems studied in [3] and m : in [3], some of the authors of the present paper 
study a family of star-shaped planar domains made of N non intersecting semi-infinite strips 
of thickness e and of a central region whose diameter is proportional to e. As e ^ 0, the domains 
tend to a network Q made of N half-lines sharing an endpoint O, named the vertex or junction 
point. For infinite horizon optimal control problems in which the state is constrained to remain 
in the closure of D^, the value function tends to the solution of a Hamilton-Jacobi equation on 
Q, with an effective transmission condition at O. In m, Galise, Imbert and Monneau study 
a family of Hamilton-Jacobi equations in a simple network composed of two half-lines with a 
perturbation of the Hamiltonian localized in a small region close to the junction. 

In the proof of convergence, we will see that the main technical point lies in the construction 
of correctors and in their use in the perturbed test-function method of Evans, see |8|. As in 
|3] and dU], an important difficulty comes from the unboundedness of the domain in which the 
correctors are defined. The strategies for passing to the limit in [3j and [lOj differ: the method 
proposed in [3] consists of contructing an infinite family of correctors related to the vertex, 
while in [TO], only one corrector related to the vertex is needed thanks to the use of the above 
mentioned reduced set of test-functions. Arguably, the strategy proposed in |3| is more natural 
and that in [TO] is simpler. For this reason, the technique implemented in the present work for 
proving the convergence to the effective problem will be closer to the one proposed in m- Note 
that similar techniques are used in the very recent work [9], which deals with applications to 
traffic flows. The question of the correctors in unbounded domains has recently been addressed 
by P-L. Lions in his lectures at College de France, ffU, precisely in january and february 2014: 
the lectures dealt with recent and still unpublished results obtained in collaboration with T. 
Souganidis on the asymptotic behavior of solutions of Hamilton-Jacobi equations in a periodic 
setting with some localized defects. Finally, we stress the fact that the technique proposed in 
the present work is not specific to the transmission condition imposed on F^. 

The paper is organized as follows: in the remaining part of § [U we set the problem and give 
the main result. In Section [2l we show that the problem is equivalent to a more convenient 
one, set in a straightened fixed geometry. In § [S] we study the asymptotic behavior far from 
the interface and introduce some ingredients that will be useful to define the effective transmis¬ 
sion condition. In § (H we define the effective cost/Hamiltonian for moving along the effective 
interface, and related correctors. This is of course a key step in the study of the asymptotic 
behavior. Section [5] deals with further properties of the correctors, in particular their growth at 
infinity. The comparison result for the effective problem is stated in § (G] and the proof of the 
main convergence theorem is written in § jT] 
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1.1 The geometry 

Let (ei, 62 ) be an orthonormal basis of ei = , 62 = • Let ^ : M —>• M be a C^-function, 

periodic with period 1. For e > 0, let (11^ , Fe; be the following partition of 

Fe = |(a:i,X2) G : xi = £5 > (^-l) 

rig = |(xi,X2) G : xi < ££/= |(xi,X2) G : xi > 65 . (1.2) 

Note that = dQf = Fg. For x G Fg, the vector 

is normal to F^ and oriented from 11^ to With 

(T^ = -1, = 1, (1.4) 

the vector a^n^ix) is normal to F^ at the point x G F^ and points toward 11*, for i = L,R. 

The geometry obtained at the limit when 6 —)• 0 can also be found by taking 5 = 0 in the 

definitions above: let (H^jF,!!'^) be the partition of defined by 

F = {(xi,X2) G : xi = 0 } , (1.5) 

= {(xi,X 2 ) G : Xi < 0)} , = {(xi,X 2 ) G : xi > 0)} . (1.6) 

One sees that = F and that for all x G F, the unit normal vector to F at x pointing 

toward is n(x) = ei. The two kinds of geometry are represented in Figured) 
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Figure 1: (a) F^ is an oscillating interface with an amplitude and period of e . Eg the geometry 
obtained at the limit when e ^ 0 


1.2 The optimal control problem in U Of U F^ 

We consider inhnite-horizon optimal control problems which have different dynamics and running 
costs in the regions O*, i = L,R. The sets of controls associated to the index i = L,R will be 
called T*; similarly, the notations /* and R will be used for the dynamics and running costs. 
The following assumptions will be made in all the work 
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1.2.1 Standing Assumptions 

[HO] A is a metric space (one can take A = M™'). For i = L,R, A* is a non empty compact 
subset of A and /* : x A® —)• is a continuous bounded function. The sets A* are 

disjoint. Moreover, there exists Lf > 0 such that for any i = L,R, x,y gM? and a G A®, 

\rix,a) - f{y,a)\ < Lf\x - y\. 

Define Mf = maxj= 2 ,_ijsup 3 ,gR 2 |/®(x,a)|. The notation F®(x) will be used for the set 
F*(x) = {/®(x, a), a € A*}. 

[HI] For i = L,R, the function R : x A® —)• M is continuous and bounded. There is a modulus 

of continuity ui such that for any i = L, R, x,y G and a G A®, 

|f (x, a) - f (y, a)| < uje{\x - y\). 

Define Mi = maxj=L,R sup 3 ,gR 2 _„g^i |H(x,a)|. 

[H2] For any i = L,R and x G the non empty set FL®(x) = {{p{x,a),t{x,a)),a G A®} is 
closed and convex. 

[H3] There is a real number 5o > 0 such that for i = L,R and all x G F^, H(0, 6o) C F®(x). 

We stress the fact that all the results below hold provided the latter assumptions are satisfied, 
although, in order to avoid tedious repetitions, we will not mention them explicitly in the 
statements. 

We refer to [2] and m for comments on the assumptions and the genericity of the model, 
stressing in particular that the sets A^, A^ can always been supposed disjoint. 


1.2.2 The optimal control problem 

Let the closed set Aie be defined as follows: 

Ale = {(x, a); X G a G A® if x G H®, i = L, i?, and a G A'^ U A^ if x G Fe} . (1.7) 

The dynamics /e is a function defined in Ade with values in 

w/ ^ i- / N f r{x,a) if X G H®, 

^ ^ y I f {x,a) if X G Fe and a G A®. 

The function /e is continuous on Ade because the sets A® are disjoint. Similarly, let the running 

cost 4 : Ade —M be given by 


V(x,a)GAl£, 4(a;,«) = 


t{x, a) if X G H* , 

R(x, a) if X G Fe and a G A®. 


For X G the set of admissible trajectories starting from x is 
(y,,a) G L^,(R+;Me) : y^ G Lip(M+;] 


' y^(t) = x+ I feiyxis),a{s))ds Vt G 

do 

The cost associated to the trajectory {yx,a) G Tx,e is 

poo 

Je{x]{yx,a)) = / i£{yx{t),a{t))e~^^dt, 

Jo 


( 1 . 8 ) 


(1.9) 
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with A > 0. The value function of the infinite horizon optimal control problem is 


Veix)= inf J^{x-,{yx,a)). (1.10) 

{yxiO‘)^'Tx,e 

Proposition 1.1. The value function is bounded and continuous in 

Proof. This result is classical and can be proved with the same arguments as in [2]. □ 

1.3 The Hamilton-Jacobi equation 

Similar optimal control problems have recently been studied in [H dn nsi 112]. It turns out 
that Vs can be characterized as the viscosity solution of a Hamilton-Jacobi equation with a 
discontinuous Hamiltonian, (once the notion of viscosity solution has been specially tailored to 
cope with the above mentioned discontinuity). We briefly recall the definitions used e.g. in [16] . 

1.3.1 Test-functions 

Definition 1.2. For e > 0, the function cf : 'M? ^ W is an admissible (e)-test-function if cf is 
continuous in R^ and for any i G {L, R}, G C^(H*). 

The set of admissible test-functions is noted TZs- If 4> ^ He, a: G T^ and i G {L,R}, we set 
= lim,,,^^ D(t){x'). 


1.3.2 Hamiltonians 

For i = L,R, let the Hamiltonians : R^ x R^ —)• R and Hr^ : Tg x R^ x R^ —>■ R be defined by 



H\x,p) = max 

{-p- f{x 

,a) 

- I"ix,a)), 

(1.11) 





IIrsix,P^ ,P^) = max 


p^ 

),H^fix,p^)}, 

(1.12) 

where, with Us 

(x) and IT* defined in § 11.11 





H+f{x,p) 

= max {—p ■ 

fix, a) - 

-f 

(x,a)), Vx G re,Vp G R^. 

(1.13) 


a£A^ S.t. (T*/*(3i,a)-ne(3i)>0 



1.3.3 Definition of viscosity solutions 

We now recall the definition of a viscosity solution of 

XuTisix, Du) = 0. (1-14) 

Definition 1.3. • An upper semi-continuous function u ^ M. is a subsolution of (|1.14p 

if for any x G R^, any cj) G TZs s.t. u — (j) has a local maximum point at x, then 

lu{x) + W{x,D(lI{x)) <0, ifx&Ft\, (1-15) 

lu{x) -\- HY'^ix,D(f>^{x),D4>^{x)) < 0 , ifx&Ts, ( 1 - 16 ) 

see Definition § li.il for the meaning of D4>^{x) i/x G Tg. 

• A lower semi-continuous function tt : R^ —)• R is a supersolution of (|1.14l) if for any 
X G R^, any cf G TZs s.t. u — (j) has a local minimum point at x, then 

lu{x)-\-W{x,D4Z{x)) >0, if X £ Ql, 

lu{x)-\-TTreix,D(l)^{x),D4>^{x)) >0 i/xGTg. 
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(1.17) 

(1.18) 






• A continuous function n : —>■ M is a viscosity solution of (I1.14p if it is both a viscosity 

sub and supersolution of (11.141) . 

1.3.4 Characterization of as a viscosity solution of (I1.14p 

The following theorem will be proved below, see Theorem 12.71 by finding an equivalent optimal 

control problem in a straightened fixed geometry and using some results contained in m- 

Theorem 1.4. The value function defined in (II.IUI) is the unique bounded viscosity solution 

of dLH]). 

1.4 Main result and organization of the paper 

We now state our main result: 

Theorem 1.5. As £ ^ converges uniformly to v the unique bounded viscosity solution of 

Xv{z) + H^{z, Dv{z)) = 0 ifzGO,'^, (1-19) 

Xv{z) + max (^E{z 2 ,dz 2 v{z)), Hr{z, Dv^(z), Dv^{z))) =0 i/z = (0, 22 ) G T, (1.20) 

which we note for short 

Xv + 'H{x,Dv) = 0. (1.21) 

The Hamiltonians W, Hy and E are respectively defined in (|l.lip . (13.41) below, and (|4.18l) below. 

Let us list the notions which are needed by Theorem 11.51 and give a few comments: 

1. Problem (jl.2ip is a transmission problem across the interface T, with the effective trans¬ 
mission condition (|1.2Up . The notion of viscosity solutions of (|1.2ip is similar to the one 
proposed in Definition 11.31 replacing T^ with T. 

2. Note that the Hamilton-Jacobi equations in and are directly inherited from (I1.15p : 
this is quite natural, since the interface Tg oscillates with an amplitude of the order of e, 
which therefore vanishes as e ^ 0. 

3. The Hamiltonian Hy appearing in the effective transmission condition at the junction is 
defined in § 13.21 precisely in ()3.4p ; it is built by considering only the dynamics related to 
H* which point from T toward H*, for i = L,R. 

4. The effective Hamiltonian E is the only ingredient in the effective problem that keeps track 
of the oscillations of T^, i.e. of the function g. It is constructed in §|11 see (I4.18p . as the limit 
of a sequence of ergodic constants related to larger and larger bounded subdomains. This 
is reminiscent of a construction first performed in [3] for singularly perturbed problems 
in optimal control leading to Hamilton-Jacobi equations posed on a network. A similar 
construction can also be found in m- 

5 . For proving Theorem 11.51 the chosen strategy is reminiscent of |10] . because it relies on 
the construction of a single corrector, whereas the method proposed in [3] requires the 
construction of an infinite family of correctors. This will be done in § [3] and the slopes at 
infinity of the correctors will be studied in § [5j 
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2 Straightening the geometry 


It will be convenient to use a change of variables depending on e and set the problem in a 
straightened and fixed geometry. 


2.1 A change of variables 

The following change of variables can be used to write the optimal control problem in a fixed ge¬ 
ometry: for X E take z = G{x) = ^ ^ ^ G~^{x) = ^ ^^ 

The oscillatory interface Tg is mapped onto T = { 2 ; : zi = 0} by G. The Jacobian of G is 



Je{x) 


G ■ 


( 2 . 1 ) 


and it inverse is 



The following properties will be useful: for any x E 


UG-\x)) = Ux) 

sup I Je(x)X| < V2{1+ II g' Iloo) 
xeK2,|x|<i 


and Jg ^(G ^(x)) = (2.2) 

and sup | J“^(x)A| < ■\/2(l+ || g ||ooX^-3) 

xeR2,|x|<i 


where | • | stands for the euclidean norm. Note that (12.21) holds because G and G ^ leave X 2 
unchanged, and only depends on X 2 - 


2.2 The optimal control problem in the straightened geometry 

For i = L,R, we define the new dynamics /* and running costs as 

/j: ^ ]R2^ {z,a) ^ J,{z)f{G-\z),a), (2.4) 

li: ^ M, {z,a) ^ f {G-^{z),a) . (2.5) 

We deduce the following properties from the standing assumptions [H0]-[H3]: 

[HOjs For i = L,R and e > 0, the function is continuous and bounded. Moreover, there 
exists Lj(e) > 0 and Mf > 0 such that for any z, z' E 0* and a G A^, 

\fei^,a) - fsiz',a)\ < Lf{e)\z-z'\, 

\fiiz,a)\ < Mf. 


[Hljg For i = L, R and e > 0, the function is continuous and bounded. Moreover, if we set 
Cji{t) = oj(,{y/2{l+ II g' ||oo)t)) then for any z, z' E fl* and a E A, 

\il{z,a) - il{z',a)\ <u:^{\z-z'\), 

\il{x,a)\ < Mi, 

the constants and the modulus of continuity being introduced in [HI]. 

[H2]£ For any i = L, R, e > 0 and x E the non empty set FL*(x) = {(/^(x, a),i\{x, a)), a E 
H*} is closed and convex. 
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\/(z,a)GM, fsiz,a) = 
\/{z,a)GM., 4(z,a) = 


[HSjs For any i = L,R and e > 0, if we set Sq = —r, then for any z G F, B(0,6o) C 

V+ l|oo) 

F^(z) = {f:(z,aUGA^}. 

Properties [H0]e and [Hljg result from direct calculations. Property [H2];. comes from the fact 
that linear maps preserve the convexity property. In order to prove [H3]£, take i = L,R, 
z = ( 0 ,^ 2 ) G T and p G B{0,5o). We look for a G A’' such that f^{z,a) = p. Using (12.311 . we 
see that \ JF^{z)p\ < y/2(l+ || g' ||cxd)(^o < <^o- Thus from [H3], since G~^(z) G Pe, there exists 
a G A^ such that /* [G~^{z),a) = J~^{z)p, and we obtain that fl{z,a) = p. 

Let us now define the counterparts of Aie, fe and 

= {(x, a); X G a G A^ A x G Fl\ and a G A^ U A^ if x G Pj , 

fl{z, a) if X G U*, 
f^(z, a) if X G P and a G A*, 

il{z, a) if X G U®, 
il{z, a) if X G P and a G A®. 

For X G the set of admissible trajectories starting from x is 
(y,,a) gL^,(M+;M) : G Lip(M+; M^), 

yxit) = x+[ fsiyxis),a{s))ds Vt G 

Jo 

Note that Vz G {yz,a) G Tz,e {G~^{yz{-)),a) G TG-^(z),e- The new optimal control 
problem consists in finding 

1*00 

Ve{z) = inf_ / ie{yz{t),a{t))e~^^dt. (2.10) 

{yz,a)eTz,e Jo 

Remark 2.1 (Relationship between and Ve). For any z G 

Ve{z) = VeiG~^{z)) = Ve (^Zi + £g , 22 ) • 

2.3 The Hamilton-Jacobi equation in the straightened geometry 
2.3.1 Hamiltonians 

If i G {L,R}, the Hamiltonians R® : x ^ M are defined by 

Hl{z,p) = max (-/®( 2 ;,a) ■p-i\{z,a)\ = max (-Je(z)/®(G"^( 2 ), a) ■ p - t {G~^ {z), a)) . 

( 2 . 11 ) 

More explicitly, 


Tx.e = 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


(2.9) 


Hl{z,p) = max — 
ae^* 


1 -g'if 


,Z2, 


,Z2. 


^ j /*((u + ££((—) A2), a)-p- t{{zi + eg{—),Z2),a) ) . 


If z G P, the Hamiltonian Hr,e : P x x 

Hr,e{z,p^,p^) = max H^f{z,p^),H^f{z,p 
where for z = 1, 2, 2; G p® G and u® is defined in § 11.11 


R is defined by 


( 2 . 12 ) 


max {-f^{z,a)-p-il{z,a)). 

a G H® s.t. 

• ei > 0 


= 

If 2 ; G P, then ne{G~^{z)) = Js{z)'^ei, by (12.2p . Hence, is the counterpart of FJ^’^. 



2.3.2 Definition of viscosity solntions in the straightened geometry 

Definition 2.2. The function cj) : ^ is an admissible test-function for the fixed geometry 

if (j) is continuous in and for any i = L,R, E 

The set of the admissible test-functions is denoted TZ. If 4> & TZ, x & T and i E {L,R}, we set 

D(fl{x) = D(f>{x'). Of course, the partial derivatives of 4 >\ql and 4 >\qr with respect to 

x'eO' 

X 2 coincide on F. 

We then define the sub/super-solutions and solutions of 

Xu-\-iisiz, Du) = 0 (2-13) 

as in Definition 11.31 using the set of test-functions TZ, the Hamiltonians Hl{z,p) if z E D* and 
Hr,e{z,p^,p^) if z E r. 

Remark 2.3. Let u : R^ —>• R 6e an upper semi-continuous (resp. lower semi-continuous) 
function and n : R^ —>■ R 6e defined by u(z) = u(G~^(z)). Then u is a subsolution (resp. 
supersolution) of (|1.14l) if and only if u is a subsolution (resp. supersolution) of (I2.13p . 

2.3.3 Existence and uniqueness 

We have seen in Remark 12.II that the optimal control problems (|1.10p and (I2.10p are equivalent; 
similarly Remark 12.31 tells us that the notions of viscosity solutions of (I1.14p and (|2.13l) are 
equivalent. Therefore, it is enough to focus on (I2.inp and (I2.13p . 

Lemma 2.4. There exists r > 0 such that any bounded viscosity subsolution u of (I1.14p 
(resp. (I2.13P ) is Lipschitz continuous in B{T^,r) (resp. B{T,r)) with Lipschitz constant < 
A|D||^+M<; ^ ^ (A||u||<x)+Md(i+||g where for X a closed subset of M?, B{X,r) 

denotes the set {y E R^ : dist{y,X) < r}. 

Proof. For a subsolution u of ()2.13l) . the result is exactly |16l Lemma 2.6]. 

If n is a subsolution of (11.1411 . then u{z) = u{G~^{z)) is a subsolution of (|2.13p . and is therefore 
Lipschitz continuous in a neighborhood of F. Since u = u o G, u is Lipschitz continuous in a 
neighborhood of Fg. □ 

Theorem 2.5 (Local comparison principle). Let u be a bounded viscosity subsolution of (11.1411 
(resp. (|2.13p 1. and v be a bounded viscosity supersolution of (11.1411 (resp. (12.1311 L For any 
z E R^, there exists r > 0 such that 

II “ 'f^)+ llL°°(B(2,r))<ll {u-v)+ \\L^(dB(z,r)) ■ (2-14) 

Proof. Let us focus on (I2.13p . If z E D*, then we can choose r > 0 small enough so that 
B{z,r) C D* and the result is classical. If z E F, the result stems from a direct application of 
m Theorem 3.3]. Indeed, all the assumptions required by [161 Theorem 3.3] are satisfied thanks 
to the properties [H0]£-[H3]g. The result for (11.1411 can be deduced from the latter thanks to 
Remark 12.31 □ 

Theorem 2.6 (Global comparison principle). Let u be a bounded viscosity subsolution of (I1.14p 
(resp. (12.130 j. and v be a bounded viscosity supersolution of (11.1411 (resp. (12.1311 L Then u <v. 

Proof. The result for equation (12.1311 stems from a direct application of [161 Theorem 3.4]. Then 
we deduce the result for equation (|1.14p thanks to Remark 12.31 □ 
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Theorem 2.7. The value function (resp. v^) defined in (ll.lOp (resp. (12.1011 ) is the unique 
bounded viscosity solution of (|1.14l) (resp. (|2.13l) ). 

Proof. Uniqueness is a direct consequence of Theorem 12.61 for both equations (|1.14l) and (|2.1c{p . 
Existence for equation (I2.13p is proved in the same way as in [161 Theorem 2.3]. Then, existence 
for (|1.14l) is deduced from Remark 12.31 □ 

Remark 2.8. Under suitable assumptions, see §.^ in m, all the above results hold if we modify 
dm (resv. {\2.Yi^ ) by adding to (resp. Hr,e) « Hamiltonian (resp. H^J correponding 
to trajectories staying on the junctions. 

3 Asymptotic behavior in and 

Our goal is to understand the asymptotic behavior of the sequence as e tends to 0. In 

this section, we are going to see that the Hamilton-Jacobi equations remain unchanged in 
and this is not surprising because the amplitude of the oscillations of the interface vanishes 
as e ^ 0. Then, we are going to introduce some of the ingredients of the effective boundary 
conditions on E. 

From Remark EH the sequence (vc)^ converges if and only if the sequence (ue)^ converges. 
Moreover, if they converge, the two sequences have the same limit. It will be convenient to focus 
on the asymptotic behavior of the sequence (ue)^, since the geometry is fixed. It is now classical 
to consider the relaxed semi-limits 

uPz) = limsup*fo( 2 ;) = limsup and ;D(z) = liminfofoPz) = liminf V£{z'). (3.1) 

£ z'—>-0 £ z'—>'Z,£—^-O 

Note that v and u are well defined, since is uniformly bounded by see (|2.10p . 

3.1 For the Hamilton-Jacobi equations in and nothing changes 

Proposition 3.1. For i = L,R, the functions v(z) and v{z) are respectively a bounded subso¬ 
lution and a bounded supersolution in of 

lu{z) + Hfiz,Du{z)) = 0, (3.2) 

where the Hamiltonian H^ is given by (|l.lll) . 

Proof. The proof is classical and relies on perturbed test-functions techniques, see[8]. For a test- 
function (p (near a point z for example), the main idea is to construct the perturbed test-function 
(peiz) = p{z) + £dzj^p{z)g{^) — 5, for a suitable positive number 5. □ 

3.2 An ingredient in the effective transmission condition on F: the Hamilto¬ 
nian Hr inherited from the half-planes 

For i G {L,R}, let us define the Hamiltonian and x —)• R by 

H^''^{z,p) = max {—p.p{z,a) — t{z,a)). (3.3) 

aSA* S.t. di(T*/*(2,a).ei>0 

and Hr : F x R^ x R^ —)• R by 

Hr{z,p^,p^) = max (H+’^(z, A), H+’^{z,p^)) . (3.4) 
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As in mm, we introduce the functions iiig : M x M —>■ M, z = L, ii and iiio ^ ^ 

Eo{z 2 ,P 2 ) = m.m{H\{0,Z2),P2e2 + qei), O'G M} , (3.5) 

Eo{z2,P2) = maxjSo ( 22 ,^ 2 ), A^^(^2,P2)} • (3.6) 

The following lemma, which is the same as m Lemma 2.1], deals with some monotonicity 
properties of 

Lemma 3.2. 


1. For any (0, Z 2 ) G T, p G pi 1 —)• Lf+’^((0, Z 2 ),p + piei) and pi 1 —)• Z 2 ),p + Piei) 

are nondecreasing; pi i-)> Z 2 ),p + PiCi) and pi 1 —)• ^^"'■’^((0, 2 : 2 ),^ + piei) are 

nonincreasing. 

2. For Z 2 ,P 2 G M, there exist two unique real numbers Pq ’^(z 2 ,P 2 ) < Po’^(^ 2 ,P 2 ) such that 


H '^{{^,Z2),P2e2+pei) 


iL+’-^((0,2;2),P2e2 +pei) 


H^{{^,Z2),P2e2+pei) 

Eq{z2,P2) 

Eoiz2,P2) 

H^{{ 0 ,Z 2 ),P 2 e 2 +pei) 


ifp<Po’^iz,P2), 

ifp>Po’ {z,P2), 

ifp < Po^{z,P2), 
ifp > Pp^iz,p2). 


3. For Z 2 ,P 2 G M, there exist two unique real numbers Pq'^{z 2 ,P 2 ) < Pq '^iz 2 ,P 2 ) such that 




H ’^((0, 22 ),15262 +pei) 
iL+’^((0, 22 ),15262 +pei) 


E§{z2,P2) 

iL^((0, 22),152 62 +P61) 
iL^((0, 22),152 62 +156l) 

E^{z2,P2) 


ifp<Po’^iz,P2), 
ifp > Po’^{z,P2), 

ifp<Po’^iz,P 2 ), 

ifp>Po’^iz,P 2 )- 


4 A new Hamiltonian involved in the effective transmission con¬ 
dition 

In this section, we construct the effective Hamiltonian corresponding to effective dynamics stay¬ 
ing on the interface T, by using similar ideas as those presented in [3]. We will define an effective 
Hamiltonian Li on T as the limit of a sequence of ergodic constants for state-constrained prob¬ 
lems in larger and larger truncated domains. We will also construct correctors associated to the 
effective Hamiltonian. The noteworthy difficulty is that the correctors need to be defined in an 
unbounded domain. 


4.1 Fast and slow variables 

Let us introduce the fast variable y 2 = ^- Neglecting the contribution of £ 5 (^ 2 ) in the Hamil¬ 
tonians HI previously defined in (|2.11jl . we obtain the new Hamiltonians x x M —)• M: 


where 


H"{z,P,y2) 


max (-J{y 2 )fiz,a) ■p-F{z,a)) , 
asA' V / 


'Hy2) 


(1 -.'(»)), 


(4.1) 


(4.2) 
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As above, using u* introduced in § 11.11 we also define and H x x M —>■ M by 

H^'"iz,p,y 2 ) = max (-J{y 2 )f{z,a)-p-t{z,a)). (4.3) 

a E A* s.t. ^ ^ 

±cr'-J{y2)riz,a) • ei > 0 

Lemma 4.1. With Lf, Mf, Mi and do appearing in Assumptions [H0]-[H3], for any z E 
2/2 £ IK and p,p' E 

\H^{z,P,y2) - H\z,p',y2)\ < Mf\p-p'\, i = L,R, (4.4) 

and there exists a constant M > 0 (which can be computed from Lf, Mf, 5o and ||(/'||ooj and 
a modulus of continuity oj (which can he deduced from ojf. Mi Lf, 6o and ||(/'||ooj such that for 
any z, z' E m2, 2/2 E M and p E M2, 

I H\z,p,y 2 ) - H\z',p,y 2 ) |< M\p\\z - z'\ + uj{\z - z'\). (4.5) 

Similar estimates hold for H^’'’ and 

Proof. The proof is standard for the Hamiltonians H^. Adapting the proofs of Lemmas 3.5 
and 3.6 in m, we see that similar estimates hold for and H the proofs are not direct 
and rely on the convexity of {{J{y 2 )P{z,a),P{z,a)),a E A*}, on the fact that the dynamics 
J{y 2 )p{z,-) satisfy a strong controlability property similar to [H3] uniformly w.r.t. z, and on 
continuity properties of {z,a) i—)• J{y 2 )P{z,a) and {z,a) P{z,a) similar to [HO] and [HI]. □ 

Remark 4.2. Take z E O* and p E M2. The unique real number X^{z,p) such that the following 
one dimensional cell problem in the variable 2/2 

f R*(z,p + x'(2/2)e2,2/2) = A*(z,p), g. 

\ X is 1-periodic w.r.t. 2 / 2 , 

admits a viscosity solution is A*(z,p) = H^{z,p); indeed, for this choice of X^{z,p), it is easy to 
check that x{V 2 ) = Pi 9 {V 2 ) is a solution of (14.61) and the uniqueness 0 /A®(z,p) such that (|4.6p 
has a solution is well known, see e.g. IMW- 

Remark 4.3. For any ( 0 , 22 ) E T, p E M2 and 2/2 £ M, the functions pi i-> R^’*((0, ^ 2 ),^ + 
^ 161 , 2 / 2 ) have the same monotonicity properties as those stated in point 1 in Lemma \3.2\ for 
Pi Z 2 ),p + Piep. Similarly, one can prove the counterparts of points 2 and 3 in 

Lemma [23 i^o/mn// R^’*((0, Z2),p + Piei, ^2); -^*((0; •Z2),P + Piei, 2/2) o-nd 

Eoi^2,P2,y2) = min|R*((0,Z2),P2e2 + qei,y2), g E m| . 


4.2 Ergodic constants for state-constrained problems in truncated domains 
4.2.1 State-constrained problem in truncated domains 


Let us fix z = (0, Z 2 ) E T and p 2 E M. For p > 0, we consider the truncated cell problem: 


H^{iO,Z2),L>u{y) +P2e2,2/2) 

= Ap(z2,P2) 

in (—p, 0) X M, 

Z 2 ), Du{y) +P 2 e 2 , 2 / 2 ) 

= Ap(z2,P2) 

in (0, p) X M, 

.max (H+’''{{ 0 ,Z 2 ),DP{y) +P 2 e 2 , 2 / 2 )) 
t=L,R \ / 

= Ap(z2,P2) 

on r, 

H~’^{{0,Z2),Du{y) +P2e2,2/2) 

= Ap(z2,P2) 

on {—p} X M, 

H-'^{{0,Z2),Du{y) +P2e2,2/2) 

= Ap(z2,P2) 

on {p} X M, 

u is 1-periodic w.r.t. y 2 , 
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where the Hamiltonians W, and H~’^ are respectively defined in (14.ip and (14.3K . The 

notions of viscosity subsolution, supersolution and solution of (14.71) are defined in the same way 
as in Definition fOl using the set of test-functions 

Tip = {V'|[-p,p]xR, V’ G , (4.8) 

with TZ defined in Definition 12.21 The following stability property allows one to construct a 
solution of ( 021 ): 

Lemma 4.4 (A stability result). Let {u'^)ri be a sequence of uniformly Lipschitz continuous 
solutions of the perturbed equation 

r]u{y) + H^{{Q,Z2),Du{y)+P2e2,y2) =\ 

r]u{y) + Z 2 ),Du{y) + ^ 262 ,^ 2 ) = \ 

riu{y) + max (H+'\{ 0 ,Z 2 ),Du\y) +^ 262 , 2 / 2 )) = \ 

< i=L,R \ / 

7 /n(y) -b Z 2 ), Du{y) + ^ 262 , 2 / 2 ) = \ 

7]u{y) + Z 2 ),Du{y) + ^ 262 , 2 / 2 ) = 

u is 1-periodic w.r.t. 2 / 2 , 

such that Xp tends to X as t] tends to 0 and converges to uniformly in [—p, p] x M. Then 
is a viscosity solution of (|4.7I) (replacing Xp{z 2 ,P 2 ) with X). 

Proof. The proof of Lemma 14.41 follows the lines of the proofs of Theorem 6.1 and Theorem 6.2 
in [ 2 ] . Actually, the proof is even simpler in the present case since the involved Hamiltonians do 
not depend of t]. We give it in Appendix |A] for the reader’s convenience. □ 


in (—p, 0) X 
in (0, p) X R 
on r, 

on {—p} X IB 
on {p} X R, 


(4.9) 


The following comparison principle for (j4.9l) yields the uniqueness of the constant Xp{z 2 ,Z 2 ) 
for which the cell-problem (|4.7p admits a solution: 

Lemma 4.5 (A comparison result). For p > 0, let u be a bounded subsolution of ()4.9I) and v 
be a bounded supersolution of (021). Then u < v in [—p, p] x R. 

Proof. As for Theorem 12.61 this result can be obtained by applying |16l Theorem 3.4]. □ 


Lemma 4.6. There is a unique Xp{z 2 ,P 2 ) € K .such that (14.7p admits a bounded solution. For 
this choice of Xp{z 2 ,P 2 ), there exists a solution xpi^ 2 ,P 2 , ■) which is Lipschitz continuous with 
Lipschitz constant L depending on p 2 only (independent of p). 

Proof. With the set A4 defined in ()2.6p . let us consider the new freezed dynamics : A4 —^ R^ 
and running costs iz 2 ,P 2 : A4 —>• R^: 


fz2{y,a) 


^Z2,P2 ( 2 /) 


(0 /^(( 0 ’^ 2 ),a) if 2/1 < 0 ,a G 

(0 /^(( 0 ’^ 2 ),a) if 2/1 > 0 ,a G A^, 

/ f2ii^^Z2),a)p2+i^{iO,Z2),a) if 2/1 < 0,0 G A^, 

1 /2^((0, Z 2 ), a)p 2 + £^((0, Z 2 ),a) if 2/1 > 0, a G A^, 


(4.10) 


(4.11) 


where /2 stands for the second component of /. 

Let Tz 2 ,x,p be the set of admissible trajectories starting from y G (—p, p) x R and constrained to 
[-p,p] X R: 

r (Cj;,o) GLi^,(R+;M) : Cj/G Lip(R+; [-p, p] x R), | 

I Cy{t) = y +fz 2 {C,y{s),a{s))ds VtGR+J 
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(4.13) 


For any ry > 0, the cost associated to the trajectory (Cy,a) £ 'Tz 2 ,y,p is 

1*00 

Jpiz2,P2,y,{Cy,a)) = / lz2,p2{Cy{t),a{t))e~'^^dt, 

Jo 

and we introduce the optimal control problem: 

Vp{z2,P2,y) = inf J^{z 2 ,P 2 ,y;{Cy,a)). 

((ly,a)GTz2,y,p 


(4.14) 


Thanks to [H3], we see that if Sq = — y, then il(0,(5g) C {fz2iy,a),a E for any 

i = L, R, y £ [—p, p] X R. This strong controlability property can be proved in the same manner 
as [H3]£ in § 12.21 From this, it follows that for any y, y' E [—/?, p] x R, 


\v']>{z 2 ,P 2 ,y) - v'l{z 2 ,P 2 ,y')\ < L{p 2 )\y - y'\. (4.15) 

for some L{p 2 ) = Li + L 2 IP 2 I with Li, L 2 depending on My, Mi 5o and || g' ||oo but not on p 2 . 
Introducing Xp{z 2 ,P 2 -,y) = v]i{z 2 ,P 2 ,y) - Vp{z 2 ,P 2 , (0,0)), we deduce from (|4.14p and (j4.15p that 
there exists a constant K = K{p 2 ) such that 


\gv'l{z 2 ,P 2 ,y)\< K, and \Xp{z 2 ,P 2 ,y)\ < K. (4.16) 

From Ascoli-Arzela’s theorem, up to the extraction a subsequence, Xp{z 2 -,P 2 -, ■) and —rjVp{z 2 ,P 2 , •) 
converge uniformly respectively to a Lipschitz function Xpiz 2 ,P 2 , •) defined on \—p,p\ x R (with 
Lipschitz constant L) and to a constant \p{z 2 ,P 2 ) as ry ^ 0. 

On the other hand, with the arguments contained in HI El 12], it can be proved that Vp{z 2 ,P 2 , •) 
is a viscosity solution of (14.91) with Xp = 0. Hence, x^iz 2 ,P 2 , •) is a sequence of viscosity solutions 
of ()4.9I) for Xp = —pvp{z 2 ,P 2 , (0,0)), and Xp —)• Xp{z 2 ,P 2 ) as ry tends to 0. From the stability result 
in Lemma ITTl the function xp{z 2 ,P 2 , ■) is a viscosity solution of (14.71) . Finally, uniqueness can 
be proved in a classical way using the comparison principle in Lemma 14.51 and the boundedness 
of Xp- □ 


4.2.2 Passage to the limit as p — )■ +00 


By definition of Tz 2 ,y,p, it is clear that if pi < P 2 , then Tz 2 ,y,pi 
and (|4.16l) . we see that 




cTz 


Z2,y,p2- 


Then, thanks to (I4.14p 


and letting ry —)• 0, we obtain that 


Api(^2,P2) < Xp^{z2,P2) < K- 

Definition 4.7. ITe define the effective tangential Hamiltonian E{z 2 ,P 2 ) o,s 


(4.17) 


E{z 2 ,P 2 ) = lim Xp{z 2 ,P 2 )- (4.18) 

p^oo 

For Z 2 ,P 2 £ 1^ fixed, we consider the global cell-problem 

' Hfi{0,Z2),Du{y)-\-p2e2,y2) = E{z2,P2) in H*, 

< max(^H+’^{{ 0 ,Z 2 ),Du^{y)+P 2 e 2 ,y 2 ),H+’^{{ 0 ,Z 2 ),Du^{y)+P 2 e 2 ,y 2 )^ = E{z 2 ,P 2 ) on F, 

u is 1-periodic w.r.t. ?/ 2 , 

(4.19) 

The following stability result is useful for proving the existence of a viscosity solution u of the 
cell-problem (|4.19l) : 
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Lemma 4.8. Let Up be a sequence of uniformly Lipschitz continuous solutions of the truncated 
cell-problem (SZD which converges to u loeally uniformly on Then u is a viscosity solution 
of the global cell-problem (|4.19p . 

Proof. Proceed exactly in the same way as in the proof of Lemma 14.41 □ 

Theorem 4.9 (Existence of a global corrector). There exists xiz 2 ,P 2 ,') cl Lipschitz continu¬ 
ous viscosity solution of ()4.19p with the same Lipschitz constant L as in (|4.15ll and such that 
X{Z2,P2, ( 0 , 0 )) = 0 . 

Proof. Let Xp{^ 2 :P 2 : ■) be the sequence of solutions of ()4.7I) given by Lemma [4l6l Recall that 
Xp{z2,P2, ■) is Lipschitz continuous with Lipschitz constant L independent of p and periodic 
with respect to 2/2- By taking Xp{^2,P2w) — Xp(-2^2,P2, (0,0)) instead of Xpiz2,P2,-): we may 
assume that xp{^2iP2, — 0- Thus, Xp{^2,P2, ■) is locally bounded and thanks to Ascoli- 

Arzela’s theorem, up to the extraction a subsequence, xpiz 2 ,P 2 , •) converges locally uniformy to 
a function xiz 2 ,P 2 , •), which is Lipschitz continuous and periodic with respect to y 2 and satisfies 
x(' 22 ,P 2 , (0,0)) = 0. Thanks to the stability result in Lemma [4.81 x{z 2 ,P 2 ,-) is a viscosity 
solution of (14.191) . □ 

4.2.3 Comparison between Eq and E respectively defined in ()3.6|) and (I4.18|) 

For e > 0, let us call We{z 2 ,P 2 -,v) = £x{^ 2 ,P 2 , f)- The following result is reminiscent of [TOl 
Theorem 4.6,iii]: 

Lemma 4.10. For any Z 2 ,P 2 £ 1^, there exists a subsequence Sn such that Vk£„(^; 2 ,P 2 , •) con¬ 
verges locally uniformly to a Lipschitz function y W{z 2 ,P 2 ,y), with the Lipschitz constant L 
appearing in (I4.15p . This function is constant with respect to y 2 and satisfies W{z2,P2,0) = 0. 
It is a viscosity solution of 

H\{0,Z2),Du{y)-\-p 2 e 2 ) = E{z 2 ,P 2 ) in (4.20) 

Proof. It is clear that y W^{z 2 ,P 2 ,y) is a Lipschitz continuous function with constant L 
and that Ws{z 2 ,P 2 , = 0. Thus, from Ascoli-Arzela’s Theorem, we may assume that 

y I—)• Ws{z 2 ,P 2 iy) converges locally uniformly to some function y 1 —)• W{z 2 ,P 2 ,y), up to the 
extraction of subsequences. The function y W{z 2 ,P 2 ,y) is Lipschitz continuous with constant 
L and W{z 2 ,P 2 , (0,0)) = 0. Moreover, since We{z 2 ,P 2 ,y) is periodic with respect to 2/2 with 
period e, W{z 2 ,P 2 ,y) does not depend on 2/2- To prove that W{z 2 ,P 2 , ■) is a viscosity solution 

of (I4.20p . we first observe that y We(z 2 ,P 2 , •) is a viscosity solution of 

H\{0,Z2),Du{y) +P2e2,^) = E{z2,P2) in fl*. (4.21) 

For i = L,R, assume that y G fl*, cj) G and ro < 0 are such that B{y, ro) C fl* and that 

W(z 2 ,P 2 ,y) - 4>{y) < W{z 2 ,P 2 ,y) - 4>{y) = 0 for 22 G B{y,ro) \ {y}. 

We wish to prove that 7f*((0, 2 : 2 ), D4>{y) +^ 262 ) < E{z 2 ,P 2 )- Let us argue by contradiction and 
assume that there exists 0 > 0 such that 

H\{0,Z2),D^{y)+P2e2) = E{z2,P2) + 0. (4.22) 

Take 4>eiy) = 4>{y) + £^yi<?i(y)fl'(^) “ where <5 > 0 is a fixed positive number. We claim that 
for e > 0 and r > 0 small enough, (/>£ is a viscosity supersolution of 

H\{0,Z2),Du{y)+p2e2,Y)'^^i^‘2,P2) + ^ in B{y,r). (4.23) 
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Indeed cj);. is a regular function which satisfies 

H\{0,Z2),D4>^{y) +P 2 e 2 , (^{0, Z 2 ), D4>{y) + g'{^){dy^4>{y) - dy^(i){y))e‘^ , 

and we deduce (j4.23l) from (I4.22p and the regularity properties of the Hamiltonian H'‘. Hence, 
We{z 2 ,P 2 -,-) is a subsolution of (|4.21l] and (/>£ is a supersolution of (j4.23D in B{y,r). Moreover 
for r > 0 small enough, maXy^QB^y^r) (Wi^2,P2,y) — 4 ‘{y)) < 0 - Hence, for e > 0 small enough 
maXy^QB{y,r) iWeiz2,P2,y) “ < 0 . 

Thanks to a standard comparison principle (which holds thanks to the fact that | > 0) 

max {Weiz 2 ,P 2 ,y) - 4>e{y)) < 0. (4.24) 

y£B(y,r) 

Letting e —)• 0 in (I4.24D . we deduce that W{z 2 ,P 2 ,y) < 4>{y) ~ which is in contradiction with 
the assumption. □ 

Using Lemma r4.ini it is possible to compare Eq{z 2 ,P 2 ) and E{z 2 ,P 2 ) respectively defined in 
(13.61) and (I4.18p : 

Proposition 4.11. For any Z 2 ,P 2 £ 


E{z2,P2) > Eo{z2,P2)- 


(4.25) 


Proof. Let i E {L,R} be fixed. Thanks to Lemma [4.101 the function y i—>■ W{z 2 ,P 2 ,y) is a 
viscosity solution of (I4.20p in flL Therefore, (I4.2nh is satisfied by W{z 2 ,P 2 , •) almost everywhere. 
Keeping in mind that W{z 2 ,P 2 ,y) is independent of y 2 , we see that for almost all y & 
E{z 2,P2) = H'^i{0,Z2),dy^W{z2,P2,yi)ei +^> 262 ) > El{z2,P2)- □ 

From Proposition 14.111 and the coercivity of the Hamiltonian the following numbers are 
well defined for all Z 2 ,P 2 £ 1^: 

n^(2:2,P2) = max{p E M : {{0, Z2),P2e2 + pei) = Z2),P2e2 + pei) = K(2;2,P2)}(4.26) 

n'^(22,P2) = min{p E M : Z2),P2e2 + pei) = Z2),P2e2 + pei) = £'(z2,P2)}(4.27) 

n^(2:2,P2)=min {p E M : Z2),P2e2 + pei) = Z2),P2e2 + pei) = F;(z2,P2)}(4.28) 

n^(5;2,P2) = max{p E M : Z2),P2e2 + pei) = Z2),P2e2 + pei) = K(2;2,P2)j(4.29) 


Remark 4.12. /n § [21 see in partieular Corollaries 15.51 and 15.61 below, we will see that the 
funetion W which is defined in Lemma \4-10 and provides information on the growth of y 
x{z 2 ,P 2 ,y) as \yi\ 00 , satisfies 




{z2,P2)yilnL +n"(2;2,P2)yilf2H < W{z2,P2,y) < Il^{z2,P2)yilnL + n'^(^2,P2)2/llofl- 


These growth properties at infinity show that x{z2,P2,') is precisely the corrector associated to 
the reduced set of test-functions proposed by Imbert and Monneau in nnnM, see § [7. ij below. 

Remark 4.13. From the convexity of the Hamiltonians R* and we deduee that if Eq{z 2 ,P 2 ) < 
E{z 2 ,P 2 ), then n*( 2 ; 2 ,P 2 ) = II*( 2 ; 2 ,P 2 )- In this case, we will use the notation 

I^'iz 2 ,P 2 ) =U'iz 2 ,P 2 ) =fl\z 2 ,P 2 )- (4.30) 
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5 Further properties of the correctors 


In this section, we prove further growth properties of the correctors, which will be useful in the 
proof of convergence in § [ 7 ] below, see Remark 14.121 We start by stating a useful comparison 
principle related to a mixed boundary value problem: 


Lemma 5.1. Take 0 < pi < p 2 , ^2,P2) A E M, o continuous function Uq : M ^ M. and Eq > 0. 
Let V be a continuous viscosity supersolution of 


' H^{{0,Z2),Dv{y)+p2e2,y2)>\ y 

Z 2 ), Dv{y) + P2e2,2/2) >Ky 
v{y) > Uo{y 2 ), y 

V is 1-periodic w.r.t. 2 / 2 , 


(2/1,2/2) G {PUP2) X M, 
(2/1,2/2) G {P2} X M, 
(2/1,2/2) G {pi} X M, 


and u be a continuous viscosity subsolution of 

H^{{ 0 ,Z 2 ),Du{y)+P 2 e 2 ,y 2 ) < ^-£0, 2/= (2/1,2/2) G (pi, P2) x R, 

^ H-'^{{ 0 ,Z 2 ),Du{y)-^P2e2,y2) < >^-£0, 2/= (2/1,2/2) G {p2} x R, 

u{y)<Uo{y 2 ), 2/= ( 2 /i, 2 / 2 ) G {pi} X R, 

u is 1-periodic w.r.t. 2/2, 


( 5 . 1 ) 


( 5 . 2 ) 


where the inequalities on 2/1 = pi are understood pointwise. Then, u < v in [pi,p2] x R. 


The proof is rather classical, and follows the lines of [ 1 ] Theorem IV. 5 .8. We skip it for 
brevity. 


Remark 5.2. From fill Proposition 2.14], we know that a bounded Isc function v is a superso¬ 
lution of dSI]) if and only if it is a supersolution of 


H^i{0,Z2),Dv{y) +^>262,2/2) > A, y = (221,2/2) G (pi,P2] x R, 
v{y)>Uo{y2), 2/= (2/1,222) G {pi} X R, 

V is 1-periodic w.r.t. 2/2, 


and that a bounded use function u is a subsolution of 


dOI) if and only if it is a subsolution of 


H^{{ 0 ,Z 2 ),Du{y) +P2e2,2/2) < A - eo, 
u{y) < 1/0(222), 
u is 1-periodic w.r.t. 222- 


22 = (221,222) G (pi,P2) X R, 
22 = (221,222) G {pi} X R, 


In other words, the boundary conditions on 2/1 = P2 correspond to state constraints. 

Remark 5.3. There is of course a similar result for the mirror boundary value problem posed in 
[~P 2 , —pi] X R C with the Hamiltonian instead of H^, a Dirichlet condition on yi = —pi 
and a state constrained boundary condition on 2/1 = —p2 (i.e. involving 

Proposition 5.4 (Control of slopes on the truncated domain). With E and Eq respectively 
defined in (|4.18p and ()3.5p . let Z2,P2 G R be such that E{z2,P2) > Eq{z 2,P2)- There exists p* = 
P*{z2,P2) > 0, ( 5 * = 5 *{z 2,P2) > 0, m(-) = m{z2,P2,-) : R+ —>• R+ satisfying lim5^o+ "^('^) = 0 
and M* = M*{z2,P2) such that for all 6 £ {0,5*], p > p*, y = (2/1,2/2) G [p*, p] xR, /ii E [0, p—2/1] 
and /i2 E R, 

Xp{z2,P2,y + hiei + h2e2) - Xp{z2,P2,y) > {'n^{z2,P2) - m{ 6 ))hi - M* , ( 5 . 3 ) 
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where Yi^{z 2 -,P 2 ) is given by (I4.30p and Xp{z2,P2, ■) is a solution of (I4.7h given by Lemma\4f6. 


Similarly, let Z 2 ,P 2 G M 6e such that E{z 2 ,P 2 ) > Eq{z 2 ,P 2 )- There exists p* > 0, 5* > 0, 
m(-) : M+ —>■ M+ and M* as above, sueh that for all S G (0,(^*], p > p*, y = {yi,y 2 ) G 
[—p, —p*] xR, hi £ [0, p + yi] and /12 G M, 


Xp{z 2 ,P 2 ,y - hiei + h 2 e 2 ) - Xp{z 2 ,P 2 ,y) > -(Jl^iz 2 ,P 2 ) + m{6))hi - M*. (5.4) 


Proof. Let us focus on (15.31) since the proof of (|5.4D is similar. Recall that p 1 —)■ \p{z 2 ,P 2 ) is 
nondecreasing and tends to E{z 2 ,P 2 ) as p —)• + 00 . Choose p* = p*{z 2 ,P 2 ) > 0 such that for any 
p > p*, E{z 2 ,P 2 ) > ^p{z 2 ,P 2 ) > Eq{z 2 ,P 2 )- Then, choose 5* = S*{z 2 ,P 2 ) > 0 such that for any 
6 G (0,(5*], Xp{z2,P2) - (5 > E§{z2,P2)- 


qt-^H ’'^((0,Z2),P2e2+ gei) 



E{z2,P2) 

Xp*{z2,P2) 

Xp{z2,P2) - (5 
Xp*{z2,P2) - h* 
E^(z2,P2) 


Figure 2: Construction of p*,d* and qs 


Let us fix p > p*, (5 G ( 0 ,( 5 *] and y = {yi,y2) G [p*,p] x M. Consider y i-)- Xp{z2,P2,y) a 
solution of ( 14 . 71 ) as in Lemma Hl6l The function xpiz2,P2, •) is 1 -periodic with respect to y2 and 
Lipschitz continuous with constant L = L{p2). Thus, for any y G {yi} x M 

Xp{z 2 ,P 2 ,y) - Xp{z 2 ,P 2 ,y) > -L. 

Therefore, y (-)• Xp{z2,P2,y) — Xp{z2,P2,y) is a supersolution of 

H^{{0,Z2),Dv{y)+P2e2,y2) > Xp{z2,P2), y £ {yi,p) xR, 

^ H-T{{ 0 ^Z 2 ),Dv{y)+P2e2,y2) > Xp{z2,P2), y£{p}xR, . . 

v{y) >-L, y£ {yi} X R, ^ ^ 

V is 1 -periodic w.r.t. 2/2- 

Since p > p* and 6 £ ( 0 , ( 5 *], there exists a unique qs £ R, see Figure [21 such that 

Xp{z 2 ,P 2 ) - (5 = H^{{ 0 ,Z 2 ),P 2 e 2 + qsei) = Z 2 ),P 2 e 2 + Qsei). ( 5 . 6 ) 

We observe that qs* < qs < n^(z2,P2) and that qs tends to Il^{z2,P2) as (5 tends to 0 . Choose 
m{ 6 ) = Ii^{z2,P2) — 95 > 0 and consider the function w^'. w^{y) = 95(2/1 +5(2/2))) which is of 
class C^. From the choice of qs, for any ?/ G R^, 

H~'^{z2,Dw^{y) +P2e2,y2) < H^{z2,Dw^{y) +^262,2/2) = Xp{z2,P2) - S, ( 5 . 7 ) 

and for any y £ {2/1} x R, 

w^{y) - 952/1 < I 95 I II 9 ||oo< max (Ig^*], |n^(2;2,P2)|) || 9 ||oo= C = C{z2,P2)- 
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Therefore, as stated in Remark [Ol the subsolution property holds up to the boundary yi = p 
and the function : 7/ E [yi, R] x R i—)• w^{y) — qsyi — C — L is a subsolution of 

H^{{0,Z2),Du{y) +P2e2,y2) < \{Z2,P2) - 5 
^ H-’^{{0,Z2),Du{y) +p2e2,y2) < >^p{z2,P2) - S, 

u{y) < -L, 

u is 1-periodic w.r.t. y 2 - 

Finally, since Xp{z 2 ,P 2 ,y) — Xp{z 2 ,P 2 ,y) is a supersolution of (|5.5p and is 
dSSl), the comparison principle in Lemma l5 .1 1 yields: for all y E [yi, p] x R 

Xp{z2,P2,y) - Xp{z2,P2,y) >u^{y) = qsiiyi - m) + g{y2)) - C - L 

> {U^{z 2 ,P 2 ) - rn{6)){yi - yi)- 

where M* is a constant depending only of Z 2 and p 2 - Note that the constants 
(15.9p are independent of p > 0. □ 

The following corollary deals with the global corrector 

Corollary 5.5. With W{z 2 iP 2 ) defined in (|4.30D . i = L,R, 

1. If E{z 2 ,P 2 ) > Eq{z 2 ,P 2 ), then, with p* > 0 and M* E R as m the first point of Proposition 
\5.4\ for all y E [p*, Too) x R, /ii > 0 and /i 2 E R, 

x{z 2 ,P 2 -,y + hiei + h 2 e 2 ) - x{z 2 ,P 2 ,y) > Il^{z 2 .,P 2 )hi - M*. (5.10) 

2. If E{z 2 ,P 2 ) > Eq{z 2 ,P 2 ), then, with p* > 0 and M* E R as m the second point of 
Proposition \5.4\ for all y E (—oo, —p*] x R, /ii > 0 and /i 2 E R, 

xiz2,P2,y- hiei + h2e2) - xiz2,P2,y) > -U^{z2,P2)hi - M*. (5.11) 

Proof. The proof follows easily from Proposition 15.41 and the local uniform convergence of the 
sequence Xp{z 2 ,P 2 , •) toward xiz2,P2,-)- LI 

Corollary 5.6. For Z 2 ,P 2 E R, y i-)- W{z 2 ,P 2 ,y) defined in Lemma \4.10\ satisfies 

^^{Z 2 ,P 2 ) < dy,^W{z 2 ,P 2 ,y) < fi^{z 2 ,P 2 ) for a.a. y E (0,+oo) x R, (5.12) 

^^{Z 2 ,P 2 ) < dyfiW{z 2 ,P 2 ,y) < I1^{Z2,P2) for a.a. y E (-oo,0) x R, (5.13) 


a subsolution of 


which appear in 


y e (yi,p) X 

y E {p} X R, 
y E {yi} X R 


(5.8) 


and for all y: 

n^( 5 ; 2 ,P 2 )yilQi+n^(^ 2 ,P 2 )yiln« < W{z 2 ,P 2 ,y) < U^{z 2 ,P 2 )yilnL +'^^{z 2 ,P 2 )yi'^nR- ( 5 - 14 ) 

Proof. From Lemma 14.101 we see that y W{z2,P2,y) is Lipschitz continuous w.r.t. yi and 
independent of y2, and satisfies 

H^{{ 0 ,Z 2 ),dy^W{z 2 ,P 2 ,y)ei + P2e2) = E{z 2,P2) a.e.inU^. ( 5 . 15 ) 

Consider first the case when E{z2,P2) > E^{z2,P2)'i from the convexity and coercivity of the 
observations above yield that almost everywhere in y, dyfiW{z2,P2,y) can be either n^(2;2,p2) 
(the unique real number such that H~'^{fi),Z2),qei + P2e2) = E{z2,P2)), or the unique real 
number q (depending on {z2,P2)) such that Ll+’^(( 0 , 2:2), yei + P2e2) = E{z2,P2)- Note that 
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q < Il^{z 2 ,P 2 )- But from Corollary 15.51 and the local uniform convergence of Wi;{z 2 ,P 2 -, ■) 
toward W{z 2 ,P 2 , •)) see that that for any yi > 0 and hi > 0, 

W{z2,P2,y + hiei) -W{z2,P2,y) > Il^iz2,P2)hi, 

which implies that almost everywhere, (9y^Vh(2;2,P2j y) ^^^{z 2 ,P 2 ) > Q- Therefore, (9y^Vh(2:2,P2) •) 

( 22 ,^ 2 ) almost everywhere. 

In the case when E{z 2 ,P 2 ) = Eq{z 2 ,P 2 ): we deduce from (I5.15p that almost everywhere in y, 
^^iz2,P2) < dy^W{z2,P2,y) < II^{Z2,P2)- 

We have proved (15.121) . The proof of (|5.13l) is identical. Finally, ()5.14p comes from (I5.12p . (|5.13p 
and from the fact that W{z 2 ,P 2 , 0) = 0. □ 

6 A comparison principle for (11.211) 

To prove the main result of the paper, i.e. Theorem 11.51 we need a comparison principle for 
(Il.i 9 p - pi. 2 np . Before proving such a result, we need to establish some useful properties of E 
arising in pi.20p . 

6.1 Properties of i?(-, •) 

In the theory of homogenization of Hamilton-Jacobi equations, it is quite standard to observe 
that the effective Hamiltonian inherits some properties from the original problem, see the pio¬ 
neering work |15] . 

Lemma 6.1. For any Z 2 G K, the function p 2 >-)• E{z 2 ,P 2 ) is convex. For any Z2, Z 2 ,P 2 ,P 2 G M, 

I E{z2,P2) -E{z2,p' 2) \< Mf\p2 -P 2 I, (6.1) 

I E{z2,P2) - E{z2,P2) |< C{1 + \P2\)\Z2 “ 4l + “ 41)) (6-2) 

5o\p 2\ - Me < E{z2,P2) < Mf\p 2 \ + Me, (6.3) 

where the constants Mf, Me, Jo have been introduced in Assumptions [H0]-[H3], the modulus of 
continuity oj has been introduced in Lemma \4.1\ and C is a positive constant. 

Moreover, p 2 E{z 2 ,P 2 ) is affine in a neighborhood o/±oo. More precisely, for any Z 2 G M, 
there exist i{z 2 ),l{z 2 ) G [—Me,Me\, f{z 2 ),f{z 2 ) G [6o,Mf] and K{z 2 ),K{z 2 ) > 0 such 

P2>K{z2) => E{z 2,P2) = f{z2)P2 + i{z2), (6.4) 

P2 < -K{z2) => E{z 2,P2) = -f{z2)p2 +hz2)- (6.5) 

Proof. The proof contains arguments that are quite similar to those contained in m, but 
technical difficulties arise from the discontinuities of the Hamiltonians at yi = 0. The main idea 
is to deduce the desired properties from those of —yvp, where Vp is defined in (14.141) . For brevity, 
we only prove p6.2p and that p 2 e-)• E{z 2 ,P 2 ) is affine in a neighborhood of ±oo. 

Proof of (16.2|) For Z 2 ,Z 2 ,P 2 G M, consider y i->- Vp{z 2 ,P 2 ,y) and y i—)• Vp{z 2 ,P 2 ,y) given 
by (I4.14p . These functions are viscosity solutions of p4.9p with A,, = 0. Assume that 0 = 
Vp{z' 2 ,P 2 ,y) — p{y) be a local minimum of Vp{z 2 ,P 2 , •) — pi') for y gE? and ip G TZp. As above, 
we focus on the case when y G F because the other cases are simpler. It is not restrictive to 
assume that and are smooth (at least C^). Since y Vp{z 2 ,P 2 ,y) is Lipschitz continuous 
with a constant L{p 2 ) = Li + L 2 IP 2 I) see (I4.15p . we see that 

\dy2F^{y)\ = \dy2P^{y)\ < L{p 2), dy^ip^iy) >-L{p 2), dy,^p^{y) < L{p2). ( 6 . 6 ) 
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It is always possible to modify and obtain a test-function il) such that < 2L(p2)) 

|(9y2^*(y)l < L,{p 2 ), i = L,R and that v'p{z 2 ,P 2 , •) — V’C') has a local minimum at y. Indeed, we 
make out two cases: 


V’(2/) = < 


1. if \dyj^p'^{y)\ < 2 L{p2) for i = then we choose if; = p. 

2. If dy^ip^{y) > 2 L{p2) or dy^p^{y) < —2L{p2), let us introduce 

Viy) - (2-h(p2) + dy^(p^{y))yi - A\y - yp if y g [0,p] x M and dy^p^ijj) < -2L{p2), 

V?(y) - A\y - yp if y G [0,^] x M and \dy^ip^{y)\ < 2L{p2), 

p{y) + (2L(p2) - dy^(p^{y))yi - A\y - yp if y g [-y,0] x M and dy^ip^{y) > 2L{p2), 

9?(y) - A\y - y|2 if y G [-y,0] x M and \dy^ip^{y)\ < 2L{p2). 


Note that |cIyjV'*(y)| < 2L{p2), i = L,R and that 

dyiP^iy) > dy^ip^iy), and dy^p^{y) < dy^-ip^iy). (6.7) 

We claim that for A large enough, Vp{z 2 ,P 2 , •) — V'(') has a local minimum at y. Indeed, 
hx r > 0 such that v^{z 2 ,P 2 ,y) — p{y) > Vp{z 2 ,P 2 ,y) — p{y) = 0 for y G B{y, r). Assuming 
for example that dy^p^{y) < — 2 L{p 2 ) (the case when \dy^ip^{y)\ < 2 L{p 2 ) is obvious), we 
see that for y G B{y, r) with yi > 0, 

v]!,{z 2 ,P 2 ,y) - il^iy) >v]!,{z 2 ,P 2 ,y) - v'^{z 2 ,P 2 ,{^,y 2 )) + ‘p{0,y2) - piy) 

+ (2A(p2) + dy^ip^{y)) yi -k A|y - yj^. 

For a constant c > 0 depending on cj) and r, 

7 ’( 0 ,y 2 ) - 7 ’(y) > -yidy^p^{^,y 2 ) - cyl>-yidy^p^{y) - c{yl + yi\y 2 -y 2 \)- 

On the other hand, Vp{z 2 ,P 2 ,y) — 'Up{z 2 ,P 2 , i0,y2)) > —B{p 2 )yi- From the latter two 
observations and (|6.8p . we deduce that v]!,{z 2 ,P 2 ,y) — '4’iy) > ^(^ 2 ) 2/1 - c(yi-|-yi|y 2 — y 2 |) + 
2^\y ~ yP- Therefore for A large enough. 


Vp{z2,P2,y) - i’iy) > 0 = v'^p{z2,P2,y) -ipiy), y e B{y,r), 
and the claim is proved. 

In both cases, we see that pv]i{z 2 ,P 2 ,y) + ^.ff+’*((0, 4), T)^/;*(y)-k ^ 262 , ^ 2 )) > 0; 

assuming that the latter maximum is achieved by i = i? for example, this yields 

V (vpiz2,P2,y) + f (1 + \P2\)\z2 - 41 + }j^i\z2 - 41)) + H+'^{{0,Z2),D^I;^{y) +^ 262 , 2 / 2 ) 

> C{1 + \P2\)\Z2 - 41 - Tf|p2e2 + D4!^{y)\\z2 - 41- 


Thanks to (|6.6p and from the construction of V', 

1^262 + D'il:\y)\ < \p2\ + 3L(p2), i = L,R. 


(6.9) 


Hence, choosing C > M max(3Li, 1 -k 3 L 2 ) yields 

V (vpiz 2 ,P 2 ,y) + f (1 + | 7 » 2|)42 - 41 + -41)) +^+’^(( 0 , 2 ; 2 ),-DV'^(y) +^ 262 , 2 / 2 ) > 0. 

But from (16.7p and the nonincreasing character of we see that 

V (vp{z2,P2,y) + f (1 + |P 2|)42 - 41 + -41)) + H+'^{{0,Z2),D(p^{y) +P2e2,y2) > 0. 

Therefore, v^{z 2 ,P 2 , •) + ^(1 + |P 2 |)k 2 — 41 + — 41) a supersolution of the equation 

satisfied by Vp{z 2 ,P 2 , •) and we conclude using the comparison principle Lemma 021 passing to 
the limit as y —)• 0 and p —>■ -koo, and hnally exchanging the roles of Z 2 and 4- 
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Proof that p 2 i—)• E{z 2 ,P 2 ) is affine in a neighborhood of ±oo We focus on (16.41) since 
the proof of (16.51) is similar. For Z 2 G y G [—p,p] x M and p 2 ,r],p > 0, let us define 
fp{z 2 ,y) = ir /2((0>^2),a(i))e"'’‘di}, with Tz 2 ,y,p given in (14JJ). From 

(14.lip and (14.141) . we deduce that 

Vfp{z2,y)p2 - Mi< -pv]>{z2,P2,y) < vf^{z2,y)p2 + Mi. ( 6 . 10 ) 

From the assumptions, it is easy to check that 

\pfjjiz2,y)\ < Mf, (6.11) 

\fpiz 2 ,y) - fpiz 2 ,y')\ < C\y-y'\, (6.12) 

for some positive constant C, and that y i->- fp{z 2 ,y) is periodic with period 1 in the variable 
y 2 . From Ascoli-Arzela theorem, up to the extraction of subsequences, we may assume that 
fpiz2,-) ~ fpiz2,0) tends to a Lipschitz function (with Lipschitz constant C) and that r]fp{z 2 , •) 
tends to a constant fp{z 2 ) as r/ —>■ 0. With the same arguments as in § 14.2.21 we may prove that 
fp(z 2 ) is nondecreasing and uniformly bounded with respect to p. Therefore, we may define 
f{z2) = limp^+oo fp{z2)- 

Passing to the limit in (|6.1Up as 77 —)• 0 then as p ^ + 00 , we deduce that 

f{z2)p2 - Mi < E{z2,P2) < f{z2)p2 + Mi. (6.13) 

Finally, from (I6.13D and the convexity of p 2 e-)• E{z 2 ,P 2 ), we infer that there exists i{z 2 ) E 
[—Mi, Mi] and K{z 2 ) > 0 such that for any p 2 > K{z 2 ) 

E{z 2,P2) = f{z2)P2 + i{z2)- 

Finally, the bound f{z 2 ) > 5o comes from (16.31) . and it is simple to check that f{z 2 ) < Mj. □ 

6.2 The comparison principles 

Since we are not able to control the constants K{z 2 ) and K{z 2 ) arising in Lemma ( 6 .11 we cannot 
directly use the comparison principle which is available in [161 Theorem 2.5]. To apply the latter, 
it will be useful to first modify E(z 2 ,P 2 ) for |p 2 | larger than some fixed number K independent 
of Z 2 . The following lemma deals with such modified Hamiltonians. 

Lemma 6.2. For a positive number K, the Hamiltonian Ek{z 2 ,P 2 ) defined by 

( E{z 2,P2) if \P2\ < K, 

Ek(z2,P2) = < E{z 2,K) + Mf{p2 - K) if P2 > K, (6.14) 

[ E{z 2, -K) - Mf{p2 + K) if p2 < -K, 

is convex in the variable p 2 and 

Ek{z 2 ,P 2 ) = max {bp 2 - E*j^(z 2 ,b)) , (6.15) 

be[-Mf,Mf] 

where Ef^ : —)• M U {+oo} is the Fenchel transform Ef^{z 2 , h) = sup^gj^ {bq — Ek{z 2 , q))- For 

Z 2 , ^2 E M and b, b' E [—Mf, Mf], 

\E*K{z 2 ,b)\<CK, (6.16) 

\Ef,{z2, b) - Ef,{z2, 6')| < K\h - h'\, (6.17) 

\Ek{z 2, b) - Efi{z2, b)\ < ujK{t) = C{1 + K)\z2 - 41 + - 41)) (6-18) 

where in (|6.16l) . Ck is a positive constant, and, in (I6.18p . the constant C and the modulus of 
continuity oj are those appearing in 116.2]) . 
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Proof. The convexity of p 2 e-)• Ek{z 2 ,P 2 ) comes from the convexity of p 2 e-)- E{z 2 ,P 2 ) and from 
dSI]). From (|6.ip . it is also clear that Ef^{z 2 ,b) = +oo if 6 ^ [—Mf,Mf], which implies (16.151) . 
It can also be seen that if 6 G [—Mf,Mf], then 

Ef^{z 2 ,b) = max {bp - Ek{z 2 ,p)) ■ (6.19) 

pel-K,K] 

From ()6.3I) . we check that for Z 2 G M, P2 £ [—K,K] and b G [—Mf,Mf], 

bp2 - Mf\p2\ - Mi < bp2 - Ek{z2,P2) < bp2 + Mf{K - \p2\) - SqK + Mi. (6.20) 

Choosing p2 = 0 yields that Ef^{z 2 , 62) > —Mi. Using the fact that bp 2 — Mf\p 2 \ < 0 if \b\ < Mj, 
we deduce that Ef^{z 2 , b) < Ck and finally (16.1611 with Ck = (Mf — 5 q)K + Mi. 

It is standard to deduce (j6.17p and (|6.18p from (|6.19p and (16.2p . □ 

Lemma 16.21 allows us to prove the following comparison principle: 

Proposition 6.3. Let u and w he respectively a bounded subsolution and a bounded supersolution 

of 

Xu{z) + H^{z,Du{z)) =0 ifz^Pl\ . . 

\u{z) + m.&-x.{EK{z 2 Tdz 2 P{z)),H-p{z,Du^{z)^Du^{z))) = Q i/z = (0, Z2) G F. ^ ' 

Then, u <w in M^. 

Proof. Thanks to Lemma f6.2l it is possible to apply [161 Theorem 2.5], more precisely the general 
comparison principle discussed in m Remark 2.11], since the continuity of u is not assumed. 
□ 

Theorem 6.4. Let n : —)• M and u : —?• M 6e respectively a bounded subsolution and a 

bounded supersolution of (11.211) . Then u < v in . 

Proof. Since n is a subsolution of (|1.2ip . it is also a subsolution of 

Xu{z) + H^{z, Du{z)) =0 if z G 
Xu{z) + H-r{z, Du^{z), Du^{z)) = 0 if z = (0, Z2) G F. 

Thanks to Assumptions [H0]-[H3], we can apply [161 Lemma 2.6] to u: there exists r > 0 
such that u is Lipschitz continuous in [—r, r] x M. Let us call the Lipschitz constant of the 
restriction of u to [—r,r] x M and choose K > L^. Since Ek coincides with E on Rx [—K,K], 
we deduce that n is a subsolution of (16.211) . 

On the other hand, since Ek > E, v is a supersolution of (16.211) . 

The proof is achieved by applying Proposition 16.31 to the pair {u,v). □ 

7 Proof of the main result 

7.1 A reduced set of test-functions 

From m and [12], we may use an equivalent definition for the viscosity solution of (ll.2ip . 
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Definition 7.1. Recall that TT* and 11*, i = L,R, have been introduced in ()4.26p - (l4.29p . Let 
n : ->• {z 2 ,P 2 ) {Li^{z 2 ,P 2 ),Ll^{z 2 ,P 2 )) be such that, for all {z 2 ,P 2 ) 

n-^(22,P2) < n^(z2,P2) < II^{Z2,P2), 

^^{Z2,P2) < n'^(2;2,P2) < fi^{z2,P2)- 

For z = (0,^2) G r? the reduced set of test-functions TZ^{z) associated to the map II is the set 
of the functions ip G C'^(R^) such that there exists a funetion V’ : R —>• R with 

p{z) = f;{z 2 ) + (n^ {Z 2 ,^P'{Z 2 )) {Z 2 ,'>P\Z 2 )) ^1- (7-2) 

The following theorem is reminiscent of m Theorem 2.6]. 

Theorem 7.2. Let u : R^ —)• R 6e o subsolution (resp. supersolution) of (|1.19p and a map 
n : R^ ^ R^, {z 2 ,P 2 ) I— (^^(z 2 ,P 2 ),^^(z 2 ,P 2 )) such that p7.ip holds for all {z 2 ,P 2 ) £ 

The function u is a subsolution (resp. supersolution) of (11.2011 if and only if for any z = (0, Z 2 ) G 
r and for all p G 7l^{z) such that u — p has a local maximum (resp. local minimum) at z, 

\u{z)+ Tace^(yE{z 2 ,dz 2 P{z)),HY'{z,Dp^{z),Dp^{z))) <t), {resp. >0), (7.3) 

where the meaning of Dp^ and Dp^ is given in Definition 11. ill 

Proof. The proof follows the lines of that of m Theorem 2.6] and is given in Appendix iBl for 
the reader’s convenience. It is worth to note that Lemma 13.21 is important in order to use the 
arguments contained in the proof of [TTl Theorem 2.6]. □ 

7.2 Proof of Theorem 11.51 

As seen in §[3l the result will be proved if we show that the sequence corresponding to the 
straightened geometry converges to v. We will actually prove that v and v defined in (13.111 are 
respectively a subsolution and a supersolution of (11.2111 . From Theorem [631 this will imply that 
V = v = V = lim£^o7e. Moreover, from Proposition 13.11 we just have to check the transmission 
condition ()1.20p . 

We restrict ourselves to checking that 7 is a subsolution of (|1.2ip . since the proof that v is 
a supersolution of pi.21D is similar. Take ^ = (0,^2) £ T. We are going to use Theorem 17.21 

with the special choice for the map II : R^ —)• R^: n(2;2,P2) = {z 2 ^P 2 ),^^{z 2 ,P 2 )^ ■ Take a 

test-function p G TZ^{z), i.e. of the form 

p{z) = 'if{z 2 ) + (^n^(z2, V’'(^2))l2en« + n'^(72, V’'(^2))l2eni) (7-4) 

for a function ?/) : R —>■ R, such that v — p has a strict local maximum at z and that 
v{z) = p{z). 

Let us proceed by contradiction and assume that 

Xp{z) + max [E{z 2 ,dz 2 P{z)),Hr{z, Dp^{z), Dp^{z))) = 0 > 0. (7.5) 

From (1Z3D, we see that Hr{z, Dp^{z), Dp^{z)) < E{z 2 ,dz 2 P{z)) and ()7.5p is equivalent to 

X'ip{z2) + E{z2,'i('{z2)) = 6 > 0. (7.6) 

Let x{z2,'4’'{Z 2 ), ■) be a solution of ([4.1911 such that x{z2,'4’'{Z 2 ), (0,0)) = 0, see Theorem 14.91 
and W{z 2 ,f^'{z 2 ),zi) = lim^^o ex(^2, V’'(^2), f )• 
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Step 1 We claim that for e > 0 and r > 0 small enough, the function 

ip^z) = 'tjj{z2) + ex{z2,ip'{z2), 

is a viscosity supersolution of 

f ^ ><^^iz) + Hl{z,D(p%z)) > I if zGn^nB{{0,Z2),r), , , 

\ Xip%z) + Hr,e{z,D {(p^)^ {z),D (z)) > f if z G T n 5((0, ^2), ?’), 

where the Hamiltonians and -Hr.s are defined by (I2.11D and (12.121) . 

Indeed, if ^ is a test-function in TZ such that ^ has a local minimum at z* G H((0, ^2)5^), 
then, from the definition of p^, y !->■ x(^2) y) — ^ ~ ' 4 ’{^y 2 )) has a local minimum 

at Let us now use the fact that y xiz 2 ,'ip'iz 2 ),y) is a supersolution of (14.191) : 

If ^ G n*, for i = L or R, then .H*((0, Z 2 ), D^{z*) - il)'{z 2 )e 2 + ^''(^2)62, > E{z2,'4^'{z 2 ))- 

From the regularity properties of see Lemma l4.ll 

^*((0, Z2), Daz*) - V’'(4)e2 + V’'(^2)e2, = HUz*, Di{z*)) + o,^o{l) + o,^o(l), 

thus 

\p^{z^) + Hl{z\Daz^)) 

>E{z2,iI^'{z2)) + A ^^2, V’'(22), ^ + Oe^o(l) + Or^o(l)- 

From (USD, this implies that 

\p^{z*) + Hl{z*, D^{z*)) >9 + \£X (^Z 2 ,^'iz 2 ), + O£^o(l) + Or.^o(l)- 

Recall that the function y 1-^ ex{z 2 ,'ip'{Z 2 ), |) converges locally uniformly to y >->■ VF {^ 2 , 1 ^'{z 2 ),y), 
which is a Lipschitz continuous function, independent of y 2 and such that lF(z2) V’^(^2), 0) = 0. 
Therefore, for e and r small enough, Xp^{z*) -|- Hl{z*^ D^(z*)) > |. 

If ^ G F, then, for some i G {L, R}, H^'\z 2 ,DC{z*)-'ilj'{z 2 )e 2 +ip'{z 2 )e 2 , > E{z 2 ,'ip'iz 2 )). 

Since the Hamiltonian iL"*"’* enjoys the same regularity properties as , see Lemma 14.11 it 
is possible to use the same arguments as in the case ^ G 11®. For r and e small enough, 
Xp^{z*) + Hp^{z*, D^{z*)) > |. The claim that p^ is a supersolution of (|7.7p is proved. 

Step 2 Let us prove that there exist some positive constants > ff and eo > 0 such that 

v^{z) + Kr < p^{z), Vz G 5H(7, r), Ve G (0,eo)- (7.8) 

Indeed, since v — p has a strict local maximum at z and since v{z) = p{z), there exists a positive 

constant 7L,. > 0 such that v{z) + Kr < p{z) for any z G dB{z,r). Since v = limsup*!;^, there 

£ 

exists £0 > 0 such that v^{z) + ^ < p{z) for any 0 < £ < Eq and z G dB{z,r). But z p^{z) 
converges locally uniformly to z 1-^ '4^{z2) + Wiz 2 ,ip'{Z 2 ), z) as e tends to 0. Hence, thanks to 
(j5.14p in Corollary 15.61 

ij{z2) +W{Z2,'IP'{Z2),Z) > -0(^2) + (^n^(z2,V''(z2))l^gQfl + n’^(z2, V''(z2))l^gQz) Zi, 

and we get (17.81) for some constants Kr > 0 and eq > 0. 
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Step 3 From the previous steps and the local comparison principle in Theorem 12.51 we find 
that for r and £ small enough, 


v‘^(z) + Kr < (z) \/z & B{z,r). 

Taking z = z and letting e ^ 0, we obtain 

v{z) + Kr < 'Ipiz 2 ) = ipiz) = v{z), 
which cannot happen. The proof is completed. 

Remark 7.3. For the proof of the supersolution inequality, the test-function (p should be chosen 
of the form 

'F{zuZ2) = fj{z2) + l^Rli^{z2,fj'{z2))zi + {Z2,lf' {z2))zi, 

where if ^ {^) andfori = L,R, IF{z 2 ,'>p'{z 2 )) are defined in (14.271) and (14.290 . 


A Proof of Lemma 14.4 


Subsolutions Let (p G TZp be a test-function and y G [—p, p] x R be such that — tp has a 
strict local maximum at y. If y G (—p, 0) x M, (resp. p G (0, p) x M ) is standard to check that 
H^{{0,Z2),D{y) +P 2 e 2 ,y 2 ) < A, (resp. Z2), D{y) +P 2 e 2 ,y 2 ) < A). We may focus on the 

case when y = ( 0 ,^ 2 ) £ T, because the cases yi = ±p can be treated with similar but simpler 
arguments. We wish to prove that 


H+’\iO,Z2),Dp,\y) + P2e2y2) < X, ^i = L,R. 


(A.l) 


We may assume that for all p G [0,1], the function — p is Lipschitz continuous in [—p, p] x R 
with a Lipschitz constant L independent of p. Fix i = L,R, we define the distance di to Cli by 


di{y) = 


0 

\yi\ 


if y G 
otherwise. 


Clearly, di G TZp. Take C = L -|- 1 . The function y 1-^ u^{y) — p>{y) — Cdi{y) has a strict local 
maximum at y. Thanks to the local uniform convergence of to n®, there exists r G ( 0 , p) and 
a sequence of points y^ G B{y,r) such that 

'uX’iy) - y^{y) - Cdi{y) < - (p(y^) - Cdi{y^), for all y G B{y, r). 

Up to the extraction of a subsequence, we may assume that —>■ y as p tends to 0 . Note that 

y^ G UL Indeed, if it was not the case, then calling y^ = ( 0 ,y 2 ) G B{y,r), 

u\y^) - p>{y^) - {u\^) - <p(F)) < L\y'l\ = Ld^y^), 

andu^{y^)—ip{y^)—Cdi{y^) < {Y^)—(p{^)—di{y^) < u^{^)—p>{iB)—Cdi{Y^), in contradiction 

with the definition of y^. 

Up to the extraction of subsequences, we can make out two cases: 

Case 1 : y^ G F. We obtain pri^(y^) -|- ma.Xi=L,R Z2), Du^{y'^) +P 2 e 2 ,y 2 )) — 

then (jA.ip by letting p —)• 0 . 

Case 2 : y^ G UL We obtain that pti’'(y^) W{{0, Z2), Dip{y'^) +P2e2,y2) < Xp, and then by 

letting p —>■ 0 that R*(( 0 , Z2), D(p{y) +P2e2) 2/2) < A, from the continuity of the Hamiltonian iLL 
Finally, since > 0 , which yields that Z2), D(p^{y) + P2e2y2) < A. 

Since the arguments above can be applied for z = L and i = R, we have obtained (lA.lll . 
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Supersolutions Let ip G TZp be a test-function and y G [—p, p] x M be such that — ip has a 
strict local minimum at y. As above, we may focus on the case when y G L. We wish to prove 
that 

max A><y 9 *(y) -^^ 262 , ^ 2 )) > A. (A. 2 ) 

i=L,R \ J 

Define 


f p G M : 1 

\ H^{{0,Z2), (dy^ipiv) +P2)e2 +pei,y2) = H^’^i{0,Z2), (dy^ipiV) +^ 2)62 +pei,y2) / ’ 


f p G M : 

\ H^{{0,Z2), (dy^ipiv) +P2)e2+pei,y2) = #+’^((0,Z2), {dy^piv) + P2)e2 + pei,y2) 


Recall that thanks to Lemma 13.21 and Remark 14.31 


#+’-^(( 0 , 2 ; 2 ), {dy2P{y) + P2)e2 + pei,y2) = | 
Z 2 ), (dy^ipiy) + P2)e2 + pei,y2) = | 


^dy^ipiy) +P2,y2) 

H^{{0,Z2), {dy2<p{y) +P2)e2 +pei,y2) 
H^{{0,Z2), (dy^ipiy) + P2)e2 + pei,y2) 
Eo{z2,dy2ip{y) +P2,y2) 


if P < Po, 
if P > Po, 

if P < Po, 
if p> Pq. 


where EQ{z2,P2,y2) is defined in Remark 14.31 
We make out two cases: 

Case 1: dy^ip^{y) > pQ, dy^ip^{y) < p^ and for each i G {L,R} 

H''{{f),Z2),Dip\y)+p2e2,y2) = max Z 2 ), + ^ 262 , ^ 2 )) • (A.3) 

3=L,R \ / 


In this case, we can use a standard stability argument: there exists a sequence y^ of local 
minimum points of uP — ip which converges to y as y tends to 0. If, for a subsequence still called 
y^, y^ G r, then r]vP{y'^) + maxi=L^ij (^#+’*((0,Z 2 ), +P2e2,y2)) > because uP is a 

supersolution of (14.9p . and ()A.2p is obtained by letting y —)• 0. 

If for a subsequence, y^ G n* for some i G {L, i?}, then r/tt^(y^) -|-//*((0, Z2), D(p{y^) -\-p2e2, y^) > 
Xy, and by letting y ^ 0, H^{{0, Z2), Dip^{y) +P2e.2,y2) > A. Finally, (IA.2D is obtained thanks 
to ()A.3p . 

Case 2: the assumptions of the case 1 are not satisfied. Thanks to the above identities for 
#+’^(( 0 ,Z 2 ), {dy^ip{y)+P2)e2+pei,y2) and #+’-^(( 0 , 22 ), {dy2ip{y)+P2)e2+pei,y2), by modifying 
the slopes of ip in the normal direction on each side of F, it is possible to construct a test-function 
-0 G 7^p such that V'(y) = ip{y), dy^pjiy) = dy^ip{y), dy^p^^iy) > dy^ip^{y), dy^p^^iy) < dy^ip^{y), 
and pj satisfies ()A.3p for each i G {L,R}. Thus, since V' touches ip at y from below, y is still a 
strict local minimum point of — ip and we conclude by applying the result proved in the first 
case. 


B Proof of Theorem 17.2 

The proof of Theorem 17.21 follows the lines of [111 Theorem 2.6] and relies on the following two 
technical lemmas, which can be proved by adapting the proofs of Lemma 2.8 and Lemma 2.9 in 
m, with very slight changes. 
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Lemma B.l. Let —)• M 6e a subsolution of (I1.19p and (p £ TZ touching u from above at 

z = (0, Z 2 ) G r. For each i G {L,R}, the real number pi: 

Pi = inf {p G M : 3r > 0 s.t. 4>{z) + a^pzi > u{z), Vz = {zi,Z 2 ) G [0, r) x (z 2 — r, Z 2 + r)j , 

where fj® is given by (dl), is nonpositive. Moreover, 

Xu{0, Z 2 ) + H\{0, Z 2 ),DcjL{t), Z 2 ) + o-^piCi) < 0. (B.l) 

Lemma B.2. Let if; : —>• R 6e a supersolution of (|1.19p and (p £ TZ touching w from below 

at z = (0, Z 2 ) £ r. For eaeh i £ {L, R}. For each i £ {L, R}, the real number pi: 

Pi = sup {p G R : 3r > 0 s.t. (p{z) + a'^pzi < w{z), Mz = (^i, 2:2) G [0,r) x {z2 — r, ^2 + ?”)} , 

is nonnegative. Moreover 

Ait;(0, Z 2 ) + Z2),Dcp^{Q, Z 2 ) + o-’^PiCi) > 0. (B.2) 

We are now ready to prove Theorem 17.21 

Subsolutions Let 11 be a map as in Definition 17.11 Suppose that a subsolution u of (11.19p 

satisfies (|7.31) for all 2; G T and all test-functions in 77'^(2;) touching u from above at 2;. 

Let (p £ TZ he such that u — (p has a strict local maximum at z G T and that u{z) = (p{z). We 
wish to prove that 


\u{z) + viiccyi(yE{z2,dz2(p{z)),HY{z,D(p^{z),D(p^{z))) <0. (B.3) 

From Lemma iB.ll for each i £ {L,R}, there exists Pi < 0 such that 

\u{z) + H^{z, D 4 Z{z) + a^piCi) < 0. (B.4) 

From the monotonicity properties of the Hamiltonians FT'*'’® stated in Lemma Ea 

Hr{z, D(p^{z), D(p^{z)) < Hr{z,D(p^{z) - pici, D(p^{z) +pRei) 

< max {H^{z,D(p^{z) - pLCi), H^{z, D 4 >^{z) + pRei)) . 

Hence, from (lB.4p . 

Xu{z) + Hr{z, D(p^{z), D(p^{z)) < 0. 

Therefore, in order to prove (lB.3p . we are left with checking that 

Xu{z) + E{z2,dz24>i^)) < 0- (B.5) 

Recall that from Proposition 14.111 > Eq{-,-). If E{z2,dz2(p{z)) = EQ{z2,dz2(p{z)), then 

(IB. 51 ) is a direct consequence of (lB.4p . Let us consider the case when E{z2, dz2(p{z)) > Eq{z 2, dz2(p{z)) 
and assume by contradiction that 


Xu{z) + E{z 2 ,dz 2 (p{z)) > 0. (B.6) 

Then, from (jB.4p , for any i £ {L,R}, 

H~’\z,D4Z{z) Fa'^piei) < -Xu{z) < E{z 2 ,dz 2 (p{z)). 
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From this and the monotonidty properties of the functions p E M i— )• FT +pei), 

we deduce that 

^^{Z 2 ,dz 24 >iz)) < dzi(l)^{z) -pL, and Il^{z 2 ,dz 24 >iz)) > dz^(j)^iz) + pR. 

Thus, the modified test-function ip E Tl^{z) defined by 

p{z) = Z2) + lnz{z)^^{Z2,dz2(t>{z))zi + l^R{z)Il^{z2,dz2(t>{z))zi 

is such that u — p has a local maximum at z, and therefore 

Xu{z) + ma.x[E{z2,dz2p{z)),Hr{z,Dip^{z),Dp^{z))) < 0, 
which contradicts ()B.6I) . 


Supersolutions Suppose that a supersolution u of (jl.lQD satisfies (I7.3p for all z E F and all 
test-functions in TZ^{z) touching u from below at z. 

Let (j) £ TZ he such that u — cj) has a strict local maximum at z E F with u{z) = 4>{z). We wish 
to prove that 

Xu{z)+ maK{E{z2,dz24’{^)),Hr{z,D(j)^{z),D(j)^{z))) >0. (B.7) 

From Lemma IB.21 for each i E {L,R} there exists pi>0 such that 

Xu{z) + H\z, D(f)’{z) + a^piBi) > 0, (B.8) 

and using the monotonicity properties of the Hamiltonians FF'*"’*, see Lemma 13.21 

FFr(z, D(j)^{z), D(j)^{z)) > Hr{z, D4>^{z) - piei, D(j)^{z) + prCi). (B.9) 

If for some i E {L,FF}, H^'^{z,D<jP{z) -|- a'-piCi) = W{z,D(jP{z) + a^piei), then (|B.7p follows 
readily from (IB.811 and pB.9ll so we may now suppose that 

FF*(z, D(j)\z) + a^piCi) = H-’\z, D(j)\z) + a^Piei), i = L,R. (B.IO) 

Assume by contradiction that Xu{z) + max i^E{z 2 ,dz 2 (t^{z)), Hy{z, D(l>^{z),D(f)^{z))) < 0. Thus, 
from pB.Sp and (IB.1011 . 

E{z2,dz24>iz)) <-Xu{z) < H~’^{z,D(p'^{z) + a^PiCi), i = L,R. (B.ll) 

From pB.lOp . ^B.lip and the monotonicity properties of the functions p E M i--)- H~’'^{z, dz 2 (l>{z)e 2 + 
pei), we deduce that 

U^{z2,dz24>iz)) > dz^(t)^{z) -pL, and n^(z2,522</>(z)) < dzj^cp^iz) + pR. 

Since the modified test-function p E 77.^ (z), 

p{z) = (/)(0, Z2) -h lnLU^{z 2 ,dz 2 (j)iz))zi + l^RU^{z2,dz24’{z))zi, 
is such that u — p has a local minimum at z, we get 

Xu{z) -I- max {E{z 2 , dz24>{z)), FFr(z, Dp^{z),Dp^{z))) > 0, 
which is the desired contradiction. 
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